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Thermal radiationAbstract The inﬂuence of Newtonian heating on heat and mass transfer in unsteady hydromag-
netic ﬂow of a Casson ﬂuid past a vertical plate in the presence of thermal radiation and chemical
reaction is studied. The Casson ﬂuid model is used to distinguish the non-Newtonian ﬂuid behavior.
The ﬂuid ﬂow is induced due to periodic oscillations of the plate along its length and a uniform
transverse magnetic ﬁeld is applied in a direction which is normal to the direction of ﬂuid ﬂow.
The partial differential equations governing the ﬂow, heat, and mass transfer are transformed to
non-dimensional form using suitable non-dimensional variables which are then solved analytically
by using Laplace transform technique. The numerical values of the ﬂuid velocity, ﬂuid temperature,
and species concentration are depicted graphically whereas the values of skin-friction, Nusselt num-
ber, and Sherwood number are presented in tabular form. It is noticed that the ﬂuid velocity and
temperature decrease with increasing values of Casson parameter while concentration decreases
with increasing values of chemical reaction parameter and Schmidt number. Such a ﬂuid ﬂow model
has several industrial and medical applications such as in glass manufacturing, paper production,
puriﬁcation of crude oil and study of blood ﬂow in the cardiovascular system.
ª 2015 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The combined effects of mass and heat transfer with
chemical reaction on the hydromagnetic ﬂow of a viscous,incompressible, and electrically conducting ﬂuid have attracted
many researchers due to its wide range of engineering and
industrial applications such as in MHD generators, plasma
studies, nuclear reactors and geothermal energy extractions.
Das et al. [1] studied the ﬁrst-order chemical reaction effect
on the ﬂow past an impulsively started inﬁnite vertical plate
with constant mass transfer and heat ﬂux. Anjali Devi and
Kandasamy [2] contemplated the mass and heat transfer on
steady laminar ﬂow along semi-inﬁnite horizontal plate in
the presence of chemical reaction. Andersson [3] studied the
effect of magnetic ﬁeld on the ﬂow of a viscoelastic ﬂuid past
872 M. Das et al.a stretching sheet. Nandkeolyar et al. [4] investigated the
unsteady hydromagnetic heat and mass transfer ﬂow of a heat
radiating and chemically reactive ﬂuid past a ﬂat porous plate
with ramped wall temperature. Reddy et al. [5] presented a the-
oretical investigation of convective mass as well as heat trans-
fer of unsteady MHD ﬂow past a vertical semi-inﬁnite porous
plate with different viscosity and thermal conductivity.
In recent years non-Newtonian ﬂuids have outspread
applications in chemical, pharmaceutical and cosmetic indus-
tries such as in the production of several chemicals, oil, gas,
paint, syrup, juice, cleanser, and deodorizer [6]. In Newtonian
ﬂuid the viscous stresses arising from its ﬂow, at every point
are linearly proportional to the local strain rate and they have
limited applications. They cannot describe various facts
noticed for the ﬂuids in industrial and other technological
applications such as blood, soap, certain oils, paints, and many
emulsions. It is well known that the mechanics of non-
Newtonian ﬂuids present a special challenge to engineers,
physicists and mathematicians. Navier–Stokes’ equations are
not able to describe the properties of such ﬂuids and no single
constitutive equation is accessible which exhibits the properties
of all ﬂuids. Rheological properties of non-Newtonian ﬂuids
are described by their constitutive equations. Due to complex
behavior of ﬂuids, a number of non-Newtonian ﬂuid models
have been proposed such as viscoplastic [7], Bingham plastic
[8], Brinkman type [9], power law [10], Oldroyd-B [11] and
Walter-B [12] models. There is a popular non-Newtonian
model, which was originally introduced by Casson for the fore-
cast of ﬂow behavior of pigment-oil suspension [13] and the
model known as Casson model. In the earlier studies on
Casson ﬂuid, Fredrickson [14] investigated its steady ﬂow in
a tube. Boyd et al. [15] described the steady and oscillatory
ﬂow of blood ﬂow by taking into account Casson ﬂuid model.
Mernone et al. [16] described the peristaltic ﬂow of a Casson
ﬂuid in a two dimensional channel. Mustafa et al. [17] studied
the unsteady boundary layer ﬂow and heat transfer of a
Casson ﬂuid over a moving ﬂat plate with a parallel free stream
using homotopy analysis model (HAM). Mukhopadhay [18]
described the effects of thermal radiation on Casson ﬂuid ﬂow
and heat transfer over an unsteady stretching surface. Hayat
et al. [19] examined the mixed convection stagnation point ﬂow
of Casson ﬂuid with convective boundary conditions.
Bhattacharyya [20] investigated the boundary layer stagnation
point ﬂow of Casson ﬂuid and heat transfer toward a shrink-
ing/stretching sheet. Pramanik [21] studied the Casson ﬂuid
ﬂow and heat transfer past an exponentially porous stretching
surface in the presence of thermal radiation. Mukhopadhay
and Mondal [22] studied the forced convection ﬂow of a
Casson ﬂuid past with surface heat ﬂux over a symmetric
porous wedge. The heat transfer aspects of the Casson ﬂuid
ﬂow is an important research area due to its relevance to the
optimized processing of chocolate, toffee and other foodstuffs
[23]. Recently, Akbar and Khan [24] studied the metachronal
beating of cilia under the inﬂuence of Casson ﬂuid and
magnetic ﬁeld. Again Akbar [25] investigated the inﬂuence of
magnetic ﬁeld on peristaltic ﬂow of a Casson ﬂuid in an asym-
metric channel an application in crude oil reﬁnement. Physio-
logical transportation of Casson ﬂuid in a plumb duct was
investigated by Akbar and Butt [26]. A theoretical investiga-
tion on oblique stagnation point ﬂow of a Casson-Nano ﬂuid
toward a stretching surface with heat transfer was presented by
Nadeem et al. [27], and in the same year again Nadeem et al.[28] studied the MHD three dimensional boundary layer ﬂow
of Casson nanoﬂuid past a linearly stretching sheet with con-
vective boundary condition.
In many realistic cases, the heat transfer from the surface is
proportional to the local surface temperature. Such an effect is
known as Newtonian heating effect. Merkin [29] investigated
conjugate convective ﬂow with Newtonian heating. Due to
various applications researchers are attracted to consider
the Newtonian heating condition in their problems. Hussanan
et al. [30] presented an exact analysis of mass and heat
transfer past a vertical plate with Newtonian heating.
Recently, the unsteady boundary layer ﬂow and heat transfer
of a Casson ﬂuid under the Newtonian heating boundary con-
dition for non-Newtonian ﬂuid was investigated by Hussanan
et al. [31].
Motivated by the above investigations, the present analysis
is focused on the study of unsteady MHD heat and mass trans-
fer ﬂow of a Casson ﬂuid past a vertical plate with Newtonian
heating in the presence of thermal radiation and chemical reac-
tion. Exact solutions are obtained by using Laplace transform
technique. The numerical results of skin friction, Nusselt
number, and Sherwood number are presented in tabular form
whereas the graphical results are presented and discussed for
various physical parameters inﬂuencing the ﬂuid ﬂows and
heat and mass transfer characteristics of the Casson ﬂuid.
Exact solutions obtained in this paper are useful for explaining
the ﬂow physics in detail.
2. Mathematical formulation
Consider the unsteady free convection heat and mass transfer
ﬂow of a viscous, incompressible, electrically conducting, heat
radiating, and chemically reactive Casson ﬂuid along an
inﬁnite non-conducting vertical ﬂat plate in the presence of a
uniform magnetic ﬁeld B0 applied in a transverse direction to
the ﬂuid ﬂow. Let x0-axis be along the plate in upward direc-
tion, y0-axis is normal to it and z0-axis is normal to x0y0-plane.
Initially, when t0 6 0, both the ﬂuid and plate are at station-
ary condition having constant temperature T1 and species
concentration C1. When t0 > 0, the plate begins to oscillate
in its plane having velocity u0 ¼ U0 cosðw0t0Þ against the gravi-
tational ﬁeld, where U0 denote the amplitude of the plate oscil-
lations. Simultaneously, there is a direct proportionality
relation between the local surface temperature T 0 and the heat
transfer from the plate to the ﬂuid and the concentration level
near the plate is raised from C01 to C
0
w. A uniform magnetic
ﬁeld B0 is applied in the y direction, it is assumed that induced
magnetic ﬁeld is negligible in comparison with the applied
magnetic ﬁeld, hence it is neglected. Since the plate is of inﬁnite
extent in x0 and z0 directions and is electrically nonconducting,
all the physical quantities except pressure are function of y0
and t0 only. Assuming the rheological equation for an incom-
pressible and isotropic Casson ﬂuid, represented by Casson
[13], is
s ¼ s0 þ la:; ð1Þ
equivalently,
sij ¼
2 lB þ pyﬃﬃﬃ2pp
 
eij; p > pc
2 lB þ pyﬃﬃﬃﬃﬃ2pcp
 
eij; p < pc
8><
>: ð2Þ
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stress, dynamic viscosity and shear rate and p ¼ eijeij and eij is
the ði; jÞth component of deformation rate, p is the product
based on the non-Newtonian ﬂuid, pc is a critical value of this
product, lB is plastic dynamic viscosity of the non-Newtonian
ﬂuid, and py denote the yield stress of ﬂuid.
Under the assumptions made above, the governing equa-
tions for the fully developed hydromagnetic free convection
heat and mass transfer ﬂow of a viscous, incompressible, elec-
trically conducting, heat radiating, and chemically reactive
Casson ﬂuid are
@u0
@t0
¼ m 1þ 1
a
 
@2u0
@y02
 rB
2
0
q
u0 þ gbTðT 0  T 01Þ þ gbCðC0  C01Þ;
ð3Þ
@T 0
@t0
¼ k
qcp
@2T 0
@y02
 1
qcp
@q0r
@y0
; ð4Þ
@C 0
@t0
¼ D @
2C0
@y02
 krðC 0  C 01Þ; ð5Þ
where u0; a; q; g; bT; bC;T
0, C0; cp; k; q0r; m; r;D, and kr are,
respectively, ﬂuid velocity in x0 direction, Casson ﬂuid parame-
ter, ﬂuid density, acceleration due to gravity, thermal expansion
coefﬁcient, concentration expansion coefﬁcient, temperature of
the ﬂuid near the plate, species concentration, speciﬁc heat at
constant pressure, thermal conductivity, radiative heat ﬂux,
kinematic co-efﬁcient of viscosity, electrical conductivity, chem-
ical molecular diffusivity, and chemical reaction coefﬁcient.
The initial and boundary conditions are
u0 ¼ 0;T 0 ¼ T 01;C0 ¼ C01; for y0 P 0 and t0 6 0; ð6aÞ
u0 ¼ U0 cosðx0t0Þ; @T
0
@y0
¼ hsT 0;C0 ¼ C0w at y0 ¼ 0 for t0 > 0;
ð6bÞ
u0 ! 0;T 0 ! T 01;C0 ! C01 as y0 ! 1 for t0 > 0: ð6cÞ
Here hs is the heat transfer coefﬁcient.
The radiative ﬂux vector q0r under Rosseland approximation
becomes
q0r ¼ 
4r
3k
@T04
@y0
; ð7Þ
where k denotes mean absorption coefﬁcient and r denotes
Stefan Boltzmann constant. It should be noted that by using
the Rosseland approximation, in the present analysis is limited
to optically thick ﬂuids. Assuming that the temperature differ-
ence within the ﬂow is sufﬁciently small, then (7) can be lin-
earized by expanding T 04 into the Taylor series T 01. Neglecting
second and higher order terms in T 0  T 01
 
, we obtain
T 04 ﬃ 4T 031T 0  3T 041: ð8Þ
Making use of Eqs. (7) and (8), in Eq. (4), we obtain
@T 0
@t0
¼ k
qcp
@2T 0
@y2
þ 1
qcp
16rT 031
3k
@2T 0
@y2
: ð9Þ
In order to reduce the governing Eqs. (3), (5) and (9), into non-
dimensional form, the following dimensionless variables and
parameters are introducedy¼y0U0m ;u¼u0=U0;t¼ t0
U2
0
m ;T¼ T 0 T 01
 
=T 01;
C¼ C0 C01
 
= C0wC01
 
;Kr¼ krmU2
0
;
M¼rB20m=qU20;Gr¼gbTmT 01=U30;Gm¼gbCm C0wC01
 
=U30;
Pr¼qmcp=k;x¼x0 mU2
0
;Sc¼ m
D
; andN¼16rT 031=3kk:
9>>>>>=
>>>>;
ð10Þ
Using the above dimensionless variables and parameters, the
governing Eqs. (3), (9), and (5), are reduced to the following
non-dimensional form
@u
@t
¼ 1þ 1
a
 
@2u
@y2
Muþ GrTþ GmC; ð11Þ
@T
@t
¼ ð1þNÞ
Pr
@2T
@y2
; ð12Þ
@C
@t
¼ 1
Sc
@2C
@y2
 KrC; ð13Þ
where M is the magnetic parameter, Gr is the thermal Grashof
number, Gm is the mass Grashof number, Pr is the Prandtl
number, Sc is the Schmidt number, N is the thermal radiation
and Kr is chemical reaction parameter.
The corresponding initial and boundary conditions (6), in
non-dimensional form, become
u ¼ 0; w ¼ 0; T ¼ 0; C ¼ 0 for yP 0 and t 6 0; ð14aÞ
u ¼ cosxt; C ¼ 1; @T
@y
¼ cð1þ TÞ at y ¼ 0 for t > 0;
ð14bÞ
u! 0; T! 0; C! 0 as y!1 for t > 0: ð14cÞ
Here,
c ¼ hs m
U0
: ð15Þ
is the Newtonian heating parameter. We note that Eq. (14b)
gives T ¼ 0 when c ¼ 0, which physically means that no heat-
ing from the plate exists when c ¼ 0.
3. Solution of the problem
The system of Eqs. (11)–(13) subject to the initial and bound-
ary conditions prescribed in (14), is solved analytically using
Laplace transform technique and the expressions for Tðy; sÞ,
Cðy; sÞ and uðy; sÞ, are presented as
Tðy; sÞ ¼ c
s
ﬃﬃ
s
p  cð Þ e
y
ﬃﬃﬃﬃﬃﬃﬃﬃ
sPreff
p
; ð16Þ
Cðy; sÞ ¼ 1
s
ey
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ScðsþKrÞ
p
; ð17Þ
uðy; sÞ ¼ 1
2ðsþ ixÞ e
y
ﬃﬃﬃﬃﬃ
sþM
b
p
þ 1
2ðs ixÞ e
y
ﬃﬃﬃﬃﬃ
sþM
b
p
þ a1c e
y
ﬃﬃﬃﬃﬃ
sþM
b
p
sð ﬃﬃsp  cÞðsþ b1Þ 
ey
ﬃﬃﬃﬃﬃﬃﬃﬃ
sPreff
p
Sð ﬃﬃsp  cÞðsþ b1Þ
" #
þ a2 e
y
ﬃﬃﬃﬃﬃ
sþM
b
p
sðsþ b2Þ
 e
y
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
SCðsþKrÞ
p
sðsþ b2Þ
" #
; ð18Þ
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c ¼ cﬃﬃﬃﬃﬃﬃ
Preff
p ;Preff ¼ Pr1þN ;
a1 ¼ Grb Preff1bð Þ ; a2 ¼
Gm
b Sc1bð Þ
b1 ¼ Mb Preff1bð Þ ; b2 ¼
ScKrMb
Sc1b
b ¼ 1þ 1a
 
:
9>>>>=
>>>>;
ð19Þ
By taking inverse Laplace transform of Eqs. (16) and (17), we
obtain the solutions for the species concentration Cðy; tÞ and
ﬂuid temperature Tðy; tÞ as
Tðy; tÞ ¼ eyc
ﬃﬃﬃﬃﬃﬃ
Preff
p
ec
2terfcðt1Þ  erfcðt2Þ; ð20Þ
Cðy; tÞ ¼ 1
2
ey
ﬃﬃﬃﬃﬃﬃﬃ
ScKr
p
erfcðt3Þ þ ey
ﬃﬃﬃﬃﬃﬃﬃ
ScKr
p
erfcðt4Þ
h i
; ð21Þ
where erfc is the complementary error function and
t1 ¼ c
ﬃﬃ
t
p þ y
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Preff
p
2
ﬃﬃ
t
p ; t2 ¼
y
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Preff
p
2
ﬃﬃ
t
p and t3; t4 ¼ y
2
ﬃﬃﬃﬃﬃ
Sc
t
r

ﬃﬃﬃﬃﬃﬃ
krt
p
:
ð22Þ
It should be noted that the inversion of uðy; sÞ in order to
obtain uðy; tÞ is quite difﬁcult and hence it is obtained numer-
ically using INVLAP routine of Matlab.
4. Sherwood number, Nusselt number and skin friction
The other physical quantities of engineering interest are the
Nusselt number, the Sherwood number, and the skin friction.
4.1. Nusselt number
Nusselt number which is a measure of rate of heat transfer at
the plate, is given by
Nu ¼  m
U0 T
0  T 01
  @T 0
@y0
 
y¼0
¼ c 1þ 1
Tð0; tÞ
 
¼ c ﬃﬃﬃﬃﬃﬃﬃﬃﬃPreffp 1þ 1
ec2t½1þ erfðc ﬃﬃtp Þ  1
 
: ð23Þ4.2. Sherwood number
Sherwood number which measures the rate of mass transfer at
the plate has the exact value
Sh ¼  @C
@y
 
y¼0
¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ScKr
p
erfð
ﬃﬃﬃﬃﬃﬃﬃ
Krt
p
Þ þ 2eKrt
ﬃﬃﬃﬃﬃ
Sc
pt
r
: ð24Þ4.3. Skin friction
The Laplace transform of the skin friction is given by
s0 ¼  1þ 1
a
 
@u
@y
 
y¼0
¼
b
ﬃﬃﬃﬃﬃﬃﬃ
sþM
b
q
2ðsþ ixÞ þ
b
ﬃﬃﬃﬃﬃﬃﬃ
sþM
b
q
2ðs ixÞ þ
ba1c
ﬃﬃﬃﬃﬃﬃﬃ
sþM
b
q
sð ﬃﬃsp  cÞðsþ b1Þ
 ba1c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sPreff
p
sð ﬃﬃsp  cÞðSþ b1Þ þ
ba2
ﬃﬃﬃﬃﬃﬃﬃ
sþM
b
q
sðsþ b2Þ
 ba2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Scðsþ KrÞ
p
sðsþ b2Þ
: ð25ÞIn order to obtain the numerical values of the skin friction, the
above equation is inverted numerically using INVLAP routine
of Matlab.
5. A limiting case of the present problem
It is worthwhile to note that the present model reduces to a
model describing the ﬂow of a Newtonian ﬂuid as a!1. In
this case, the Laplace transform of the ﬂuid velocity uðy; tÞ is
given by
uðy; sÞ ¼ 1
2ðsþ ixÞ e
y
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðsþMÞ
p
þ 1
2ðs ixÞ e
y
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðsþMÞ
p
þ a3c e
y
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðsþMÞ
p
sð ﬃﬃsp  cÞðsþ b3Þ 
ey
ﬃﬃﬃﬃﬃﬃﬃﬃ
sPreff
p
Sð ﬃﬃsp  cÞðsþ b3Þ
" #
þ a4 e
y
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðsþMÞ
p
sðsþ b4Þ
 e
y
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
SCðsþKrÞ
p
sðsþ b4Þ
" #
; ð26Þ
where
a3 ¼ GrðPreff  1Þ ; a4 ¼
Gm
ðSc  1Þ ; b3 ¼
M
ðPreff  1Þ ;
b4 ¼
ScKr M
Sc  1 : ð27Þ
The Laplace transform of the skin friction, in the particular
case when a!1, is given by
s01 ¼ 
@u
@y
 
y¼0
¼ 1
2ðsþ ixÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðsþMÞ
p
þ 1
2ðs ixÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðsþMÞ
p
þ a3c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðsþMÞp
sð ﬃﬃsp  cÞðsþ b3Þ 
a3c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sPreff
p
sð ﬃﬃsp  cÞðsþ b3Þ
þ a4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðsþMÞp
sðsþ b4Þ
 a4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
SCðsþ KrÞ
p
sðsþ b4Þ
; ð28Þ
It should be noted that the above results combined with the
conditions M ¼ 0 and Gm ¼ 0 resemble the results of
Hussanan et al. [31].
6. Results and discussions
In order to obtain the physical insight of the considered prob-
lem, velocity, temperature and species concentration proﬁles
have been discussed by assigning numerical values to embed-
ded parameters such as Casson parameter a, Prandtl number
Pr, thermal Grashof number Gr, mass Grashof number Gm,
magnetic parameter M, thermal radiation parameter N, chem-
ical reaction parameter Kr, Schmidt number Sc, Newtonian
heating parameter c and time t, and the corresponding proﬁles
are shown graphically in (Figs. 1–6). Figs. 7 and 8 display the
velocity proﬁles in the limiting case when a!1 i.e. for the
Newtonian ﬂuid. The effects of various parameters on the skin
friction, Nusselt number and Sherwood number are presented
in tabular forms in Tables 1 and 2.
Fig. 1(a) displays the inﬂuence of chemical reaction param-
eter Kr on the species concentration. It is clear that increasing
the chemical reaction parameter decreases the species concen-
tration of the ﬂuid. The Schmidt number Sc is deﬁned as the
ratio of momentum diffusivity and mass diffusivity. From
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Figure 1 The effect of variation of (a) chemical reaction parameter Kr, (b) Schmidt number Sc and (c) time t on the ﬂuid species
concentration Cðy; tÞ for Kr ¼ 0:5;Sc ¼ 1 and t ¼ 0:7.
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Figure 2 The effect of variation of (a) Prandtl number Pr, (b) time t and (c) thermal radiation N on the ﬂuid temperature Tðy; tÞ for
Pr ¼ 0:71; t ¼ 0:7 and N ¼ 1.
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Figure 3 The effect of variation of Newtonian heating parameter
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Figure 4 The effect of variation of (a) Casson ﬂuid parameter a, (b
uðy; tÞ for a ¼ 1; t ¼ 0:7 and Gr ¼ 3.
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the species concentration decreases. Fig. 1(c) shows that the
species concentration increases with an increase in time t.
The Prandtl number Pr is deﬁned as the ratio of kinematic vis-
cosity to thermal diffusivity. The effects of Prandtl number on
the temperature proﬁles are shown in Fig. 2(a) for Pr ¼ 0:5
(mixture of nobel gas), Pr ¼ 0:71 (air) and Pr ¼ 7:0 (water).
It is observed from this ﬁgure that increasing the values of
Pr decreases the ﬂuid temperature. From Fig. 2(b), it is
observed that ﬂuid temperature proﬁles increases with increas-
ing values of time t. Fig. 2(c) displays the inﬂuence of thermal
radiation parameter N on ﬂuid temperature. It is noted that
increasing the thermal radiation parameter increases the3 4 5 6
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Figure 5 The effect of variation of (a) mass Grashof number Gm, (b) Prandtl number Pr and (c) Schmidt number Sc on the ﬂuid velocity
uðy; tÞ for Gm ¼ 2;Pr ¼ 0:71 and Sc ¼ 2.
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Figure 6 The effect of variation of (a) chemical reaction parameter Kr, (b) thermal radiation N and (c) magnetic parameter M on the
ﬂuid velocity uðy; tÞ for Kr ¼ 0:5 , N ¼ 2 and M ¼ 1.
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Figure 7 The effect of variation of (a) Prandtl number Pr, (b) time t on the ﬂuid velocity uðy; tÞ in limiting case for Pr ¼ 0:71 and t ¼ 0:7.
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Figure 8 The effect of variation of (a) thermal Grashof number Gr, (b) mass Grashof number Gm on the ﬂuid velocity uðy; tÞ in limiting
case for Gr ¼ 3 and Gm ¼ 2.
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Table 1 Nusselt number Nu and Sherwood number Sh for
different values of governing parameters.
t Pr N c Sc Kr Nu Sh
0.3 0.71 1 0.5 2 0.5 2.24737408 1.66993778
0.5 0.71 1 0.5 2 0.5 3.58894952 1.39928246
0.7 0.71 1 0.5 2 0.5 5.55423334 1.26924524
0.7 0.5 1 0.5 – – 1.775401347 –
0.7 0.71 1 0.5 – – 5.55423334 –
0.7 7 1 0.5 – – 32.59394224 –
0.7 0.71 1 0.5 – – 5.55423334 –
0.7 0.71 3 0.5 – – 23.68472788 –
0.7 0.71 5 0.5 – – 97.83785894 –
0.7 – – 0.3 – – 14.70181930 –
0.7 – – 0.5 – – 5.55423334 –
0.7 – – 0.7 – – 3.58894952 –
0.7 – – – 1 0.5 – 0.77650333
0.7 – – – 2 0.5 – 1.02331984
0.7 – – – 3 0.5 – 1.23362637
0.7 – – – 2 0.1 – 0.45764254
0.7 – – – 2 0.5 – 1.02331984
0.7 – – – 2 1 – 1.44719280
The bold values in the tables indicate the variation of the param-
eters and variable present in the corresponding column.
Table 2 Skin friction s for different values of governing parameter
t Pr w Kr M N c
0.7 7 1.49 0.5 2 2 1.
0.3 – – – – – –
0.5 – – – – – –
0.7 – – – – – –
– 0.015 – – – – –
– 7 – – – – –
– 13.4 – – – – –
– – 0.5 – – – –
– – 1.49 – – – –
– – 2.24 – – – –
– – – 0.5 – – –
– – – 1.5 – – –
– – – 2 – – –
– – – – 2 – –
– – – – 3 – –
– – – – 4 – –
– – – – – 2 –
– – – – – 3 –
– – – – – 4 –
– – – – – – 0.
– – – – – – 1
– – – – – – 1.
– – – – – – –
– – – – – – –
– – – – – – –
– – – – – – –
– – – – – – –
– – – – – – –
– – – – – – –
– – – – – – –
– – – – – – –
– – – – – – –
– – – – – – –
– – – – – – –
The bold values in the tables indicate the variation of the parameters an
Newtonian heating effect on unsteady hydromagnetic Casson ﬂuid ﬂow 877temperature of the ﬂuid. Fig. 3 displays the effect of
Newtonian heating parameter c on the temperature of the
ﬂuid. It is observed that as the Newtonian heating parameter
increases, the temperature of the ﬂuid increases. Fig. 4(a)
depicts the velocity proﬁles for various values of Casson
parameter a. The increasing values of the Casson parameter
decrease yield stress and suppress the velocity ﬁeld. The ﬂuid
behaves as Newtonian ﬂuid as Casson parameter becomes very
large. From this ﬁgure it is observed that velocity decreases
with increasing values of Casson parameter. The velocity pro-
ﬁles are shown in Fig. 4(b) for different values of time t. From
this ﬁgure it is observed that velocity increases with increasing
values of time t. The effects of thermal Grashof number Gr and
mass Grashof number Gm on velocity are shown in Figs. 4(c)
and 5(a). From these ﬁgures it is observed that velocity
increases with increasing values of Gr and Gm. It is possible
because an increase in the Gr and Gm has the tendency to
increase the thermal and mass buoyancy forces. Fig. 5(b)
depicts the inﬂuences of Prandtl number Pr on the velocity
proﬁle. It is observed that velocity decreases with increasing
values of Prandtl number Pr. The effect of Schmidt number
Sc on the velocity proﬁles is displayed in Fig. 5(c). It is
observed that the ﬂuid velocity gets decreased with increasing
values of Schmidt number. Fig. 6(a) displays the inﬂuence ofs.
a Gr Gm Sc s
5 1.5 3 2 2
– – – – 1.92794914
– – – – 1.39072212
– – – – 0.83641712
– – – – 0.32702629
– – – – 0.83641712
– – – – 0.79238027
– – – – 2.98029443
– – – – 1.32092063
– – – – 0.46993501
– – – – 1.32092063
– – – – 1.00830405
– – – – 0.95869501
– – – – 0.83641712
– – – – 1.01827848
– – – – 1.17698016
– – – – 0.83641712
– – – – 0.78741007
– – – – 0.76157613
5 – – – – 0.97649673
– – – – 0.89196140
5 – – – – 0.83641712
1 – – – 0.75643048
1.5 – – – 0.83641712
2 – – – 0.89267584
– 1 – – 0.73379556
– 3 – – 0.83641712
– 5 – – 0.89196140
– – 2 – 0.83641712
– – 4 – 1.97936189
– – 6 – 3.12230666
– – – 1 1.20560465
– – – 2 0.83641712
– – – 3 0.46722960
d variable present in the corresponding column.
Table 3 Comparison of skin friction in the limiting case as
a!1 when M ¼ 0 and Gm ¼ 0.
t Pr Gr c xt Hussanan et al. [31] Present work
0.01 0.35 5 1 0 5.5818 5.5818
0.02 0.35 5 1 0 3.8620 3.8620
0.01 0.50 5 1 0 5.5956 5.5956
0.01 0.35 10 1 0 5.5218 5.5218
0.01 0.35 5 2 0 5.5027 5.5027
0.01 0.35 5 1 p2 4.4819 4.4819
878 M. Das et al.chemical reaction parameter Kr on the velocity. It is observed
that increasing the chemical reaction parameter tends to
decrease the velocity of the ﬂuid. The effect of thermal radia-
tion parameter N on the velocity is shown in Fig. 6(b). From
this ﬁgure it is observed that the thermal radiation parameter
has accelerating effect on velocity. The rate of radiative heat
transfer to the ﬂuid decreases and consequently, the ﬂuid
velocity increases with increasing values of thermal radiation
parameter for other ﬁxed parameters. The effect of magnetic
parameter M on the velocity is shown in Fig. 6(c). It is
observed that velocity decreases with increasing values of mag-
netic parameter M. The application of a transverse magnetic
ﬁeld to an electrically conducting ﬁeld gives rise to a resistive
force known as Lorentz force. This force has the tendency to
slow down the ﬂuid motion. In the limiting case, our results
are shown in Figs. 7 and 8. From Fig. 7(a) it is observed that
velocity decreases with increasing values of Prandtl number Pr.
Figs. 7(b), 8(a) and (b) display that the velocity increases with
increasing values of time t, thermal Grashof number Gr and
mass Grashof number Gm.
The numerical results for Nusselt number, Sherwood num-
ber and skin friction are shown in Tables 1 and 2 for various
parameters. It is observed from Table 1 that Nusselt number
increases with increasing Pr; t and N, whereas it decreases with
increasing values of c the Newtonian heating parameter. Sheer-
wood number increases with increasing values of Sc and Kr,
whereas it decreases with increasing values of t. Table 2 depicts
that skin friction increases with increasing values of M; a;Gr
and Gm whereas it decreases with increasing values of t;w;Kr,
c and Sc. From Table 2 we noticed that with the increasing val-
ues of Pr from 0.015 (noble gas) to Pr ¼ 7 (water) the skin fric-
tion increases and with the increasing values of Pr from Pr ¼ 7
(water) to Pr ¼ 13:4 (sea water) the skin friction decreases. It is
observed from Table 3 that in case of a Newtonian ﬂuid
(i.e. a!1) whenM ¼ 0 and Gm ¼ 0, our results are in excel-
lent agreement with the results of Hussanan et al. [31].
7. Conclusions
Present work analyzes the effects of mass and heat transfer on
unsteady MHD ﬂow for a Casson ﬂuid past a vertical ﬂat plate
with Newtonian heating in the presence of thermal radiation
and chemical reaction. The governing equations were solved
by Laplace transform technique. The results for velocity,
temperature and species concentration are obtained and
depicted graphically. The numerical values of skin friction,
Nusselt number and Sherwood number are presented in tables.
Important ﬁndings of the present work are summarized below. The ﬂuid velocity decreases with increasing values of
Casson parameter, chemical reaction, and magnetic ﬁeld
whereas the thermal radiation, thermal diffusion and mass
diffusion have reverse effect on it.
 The thermal radiation and Newtonian heating, both have
increasing effects on the ﬂuid temperature.
 Concentration decreases with increasing chemical reaction
and Schmidt number.
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